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Abstract 

Generalized Lelong numbers u(T, ip) due to Demailly are specified for 
the case of positive closed currents T = dd c u and plurisubharmonic weights 
ip with multicircled asymptotics. Explicit formulas for these values are 
obtained in terms of the directional Lelong numbers of the functions u 
and the Newton diagrams of ip. An extension of Demailly's approximation 
theorem is proved as well. 



1 Introduction 

A standard quantative characteristic for singularity of a plurisubharmonic func- 
tion u at a point x G C n is its Lelong number 

v(u,x) = lim / dd c u A (dd c log \z - d) n_1 ; 

r-*0 J\z-x\<r 

here d = d + d, d c = (d — d)/2iri. When u = log |/|, / being a holomorphic 
function with f(x) = 0, u(u,x) is just the multiplicity of the zero of / at the 
point x. The Lelong number can also be calculated as 

(1.1) u(u, x) — lim r" 1 sup{u(z) : \z — x\ < e r } = lim r _1 Ai(u, x, r), 

r — >— oo r — y— oo 

where Ai(u, x,r) is the mean value of u over the sphere \z — x\ = e r , see 0. 
Various results on Lelong numbers and their applications to complex analysis 
can be found in @, 0, §, 0. 

A more detailed information on the behaviour of u near x can be obtained by 
means of the refined, or directional, Lelong numbers 



lim r 1 swp{u(z) : Izjt — red < e TCLk , l<k<n\ 

) — >— oo 

(1.2) = lim r _1 A(u, ra), 



where a = (a±, . . . , a n ) G R™ and X(u, x, b) is the mean value of u over the set 
{z : \zk — Xk\ = exp bk, l<k<n}. 

A general notion of the Lelong number with respect to a plurisubharmonic 
weight was introduced by J. -P. Demailly 0. Let ip be a semiexhaustive plurisub- 
harmonic function on a domain Q C C n , that is, := {z : <p(z) < R} CC 
for some real R. The value 



(1.3) u(u, ip) = lim J ^ dd c u A [dd c (p] 



•c „in— 1 



is called i7ie generalized Lelong number of u with respect to the weight (p. For a 
detailed study of this notion, see |§]. An analog of formula if ip satisfies 

(dd c ip) n = on Q \ oo), is the relation 

v(u, ip) = lim nf(u) 

r — >— oo 

where /xj? is the swept out Monge-Ampere measure for (dd c <p) n on the pseudo- 
sphere Sf := {z : (p(z) = r}, i.e. 



(1.4) tf( U )= u[{dd c ip r r - (dd^n 

(ip r = max{<£>,r}). In particular, u(u, x) = v(u, log] • — x|) and 

(1.5) u(u,x,a) =a 1 ...a n v(u 1 <pap) 
with the weight 

(1.6) ip a>x (z) =vapLal 1 \og\z k -x k \. 

k 

Actually, the Lelong number v(u, ip) is a function of asymptotic behaviour of 
the functions u and ip near x, that follows from the Comparison Theorem due to 
Demailly, which we state here in a form convenient for our purposes. 

Theorem A ([0], Th. 5.9). Let u\ and u 2 be plurisubharmonic functions on 
a neighbourhood of a point x G C n , ipi and ip 2 be plurisubharmonic weights with 
V?r 1 ( — °°) = ^2 1 ( — °°) = x - Suppose that u\{x) = —00, 

T M 2(^) 

lim sup — — < 1 

Z-+JE «1(Z) 



and 



Tien v(u 2 ,ip2) < K M i><£i' 



r ^ 1 

hmsup — — < 1. 
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The generalized Lelong numbers give a powerful and supple instrument for 
investigation of singularities of plurisubharmonic functions. Another thing is 
that one pays for the universality of such numbers with lack of explicit ways for 
their evaluation. The objectives for the present note are to look for a subclass 
of the weights which is wide enough and at the same time convenient for treat- 
ment. Theorem A suggests that one should try to consider weights with certain 
"regular" asymptotics. The condition <p(z) ~ log|z — x\ reduces the situation to 
the standard Lelong numbers and gives nothing new. To deal with more refined 
asymptotics, we consider here two classes of the weights. 



The first one uses the notion of local indicator [ 12 1 . Let a plurisubharmonic 
function $ defined in the unit polydisk D = {z G C n : \zk\ < 1, 1 < k < n} be 
nonpositive there and satisfy the relation 

(1.7) $(z) = $(N, . . . , \z n \) = c-^flsif, . . . , \z n \ c ) Vc > 0. 

We will call such functions (abstract) indicators. The homogeneity of indicators 
implies (dd c <&) n = outside the origin, provided $ _1 (— oo) = 0. Such functions 
seem to be good candidates for the weights we are looking for. Besides, the 
indicators present a scale of plurisubharmonic characteristics for local behavior 
of plurisubharmonic functions near their singularity points. Namely, given a 
plurisubharmonic function v, its local indicator at a point x is a plurisubharmonic 
function ty VjX in the unit polydisk D such that 

(1.8) V VtX (y) = -u(v,x,a), a = -(log||/i|, . . . ,\og\y n \). 

It is the largest negative plurisubharmonic function in D whose directional Lelong 
numbers at coincide with those of v at x, so 

(1.9) v{z)<H> VtX (z-x) + C 

near x. Besides, as was shown in [14|, *ff vx can be described as the limit (in Lj oc ) 



of the sequence 

(1.10) (T nhX v)(y) = m- l v(x + y m ) 

asm-* oo; here y m = (y™, . . . , y™), m G Z + . Moreover, for a multicircled func- 
tion v negative in the unit polydisk, the functions vr(z) := R _1 v (l-zil^, • • • , \z n \ R ) 
increase to a function V(z) as R — > +oo, and V* = ^ V) o- 



Local indicators are obviously indicators, and due to relations (|1.7f) their use 
is quite efficient. Note that, in view of the definition of the local indicator and 
relation (11.51), we have 



;i-ll) V(U, Va,x) = V(^u,x, ¥a,x) = ^u,x, **>„,„)■ 
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The second equation is evident since ^ lfax = ip a ,x, while the first one is of some 
interest because it does not follow from Theorem A (no assumption on asymptotic 
behaviour of u is made). 

We will say that a weight ip with <p~ l {— oo) = x is almost homogeneous if it 
is asymptotically equivalent to its indicator ^tp tX , that is, 

(1.12) 3 lim - <f> =1. 

It is easy to see that if the limit exists, it necessarily equals 1. Besides, the 
residual Monge- Ampere measure of every almost homogeneous weight ip at x, 
(dd c (p) n (x), coincides with that of its indicator. An example of such a weight is 
(f(z) = log |i^(^)| with a holomorphic mapping F : Q — > C m , m > n, F~ 1 (0) = x, 
such that 

r log|F(*)| 

lim - -j- = 1, 

z ^ x sup log I (2: — x) J \ 

uj x being the collection of all multi-indices J satisfying d J F/dz J (x) 7^ 0. Gen- 
eralized pluri-complex Green functions with respect to given indicators 0] give 
another example of almost homogeneous weights. 

Note that every plurisubharmonic weight ip is the limit of a decreasing se- 
quence of almost homogeneous weights with the same local indicator as (p. In- 
deed, these are ipN^z) = sup{ip(z), ^^ x (z — x) — N}, N > 0. 

Below we show that the generalized Lelong numbers with respect to almost 
homogeneous weights inherit some nice properties from the standard and direc- 
tional Lelong numbers. In particular, calculation of u(u, ip) can be reduced to 
that for the indicators, both of u and <p (note that no regularity of u is assumed) . 
Namely, let (p x {z) '■— <p(z — x) and yj _1 (— 00) = {0}, then for any plurisubhar- 
monic function u in a domain Q C C n , 

(1.13) v{u, ip x ) = is(V UiX , ip) = is(V u ,x, * v ,o) Vxeil 

(Theorem [j]), which is an extension of relation ( |1 . 1 1| ) . Further, by a slight modifi- 
cation of Demailly's arguments || we show that any plurisubharmonic function u 
in a bounded pseudoconvex domain Q C C n can be approximated by a sequence 
of functions 

u m = — log V \cr ml \ 2 , 
2m 1 

a m \ being holomorphic in Q, such that for every almost homogeneous weight ip, 

(1.14) V{u m , <Px) < V(U, ip x ) < v{Umi fx) + ~ Vx G Q 

with some constant A = A(ip) (Theorem ^). 
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Finally, we give a geometric description for the swept out Monge-Ampere 
measures fif for indicators $ (Theorem p, which leads to explicit formulas for the 
numbers v(u, <p) with almost homogeneous weights <p in terms of the directional 
Lelong numbers of u and (p (Corollary [I]). When <p = log \g\ with a holomorphic 
mapping g, g(0) = 0, this reduces to computation on the Newton diagram of g 
at the origin. 

Another choice of a class of the weights are those whose behaviour near x is 
asymptotically independent of the arguments of — x^, 1 < k < n. Namely, 
we will say that a plurisubharmonic function (p on a domain Q C C n has a 
multicircled singularity at a point s G f2 (or that ip is almost multicircled near 
a point s G fi) if there exists a multicircled plurisubharmonic function A (i.e. 
A(z) = A(|^i|, . . . , \z n \)) in a neighbourhood of the origin, such that 

(1.15) 3 lim J^ Z) - s = 1. 

«— a A(z - x) 



In the terminology of |T7|], it means that 99 has a standard singularity generated 



by a multicircled function. It is easy to see that <p has multicircled singularity at 
x if and only if it satisfies relation ( |1.15| ) with A equal to some " circularization" 
of (p, say, to the mean value 

(1.16) A = \ v ,x{z) = (2n)~ n [ <p(x 1 + z 1 e ie \...,x n + z n e ie ")a!9 

J[0,2n] n 

or to its maximum on the same set. 

Evidently, every almost homogeneous weight is almost multicircled, however 
the converse is not true. On the other hand, it can be seen that each multi- 
circled weight (p has the same residual Monge-Ampere measure at x as its in- 



dicator has at the origin so one might hope that the above results could 
be extended to the whole class of almost multicircled weights. This turns to be 
really the case, but only when it concerns plurisubharmonic functions u whose 
—00 sets do not contain lines parallel to the coordinate axes. Namely, we prove 
( |1.13| ) and ( |l-14j ) for every almost multicircled weight ip and functions u with the 



above extra condition. And, surprisingly, it fails to be true, for instance, when 
u(zi, 0, . . . , 0) = —00 and x — 0. 

Notation. Throughout the paper, D is the unit polydisk in C n , Q is a domain 
in C n , and PSH(Q) is the collection of all plurisubharmomic functions on Q. 
If x G fl and a function u G PSH(Q) is such that its restriction to each line 
{z : Zj = Xj Vj 7^ k}, 1 < k < n, is not identically —00, then we will write 
u G PSHxtQ, x). The Lelong number of u at x is denoted v(u, x), and v{u, x, a) 
and i>(u,(p) are its directional (|1.2|) and generalized Lelong numbers ( |1.3|) . Any 
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plurisubharmonic function $ in D satisfying ( |1.7| ) will be called an indicator, and 
the function ty v jX defined by (|1.8|) is the (local) indicator of v at x. The class of 
all plurisubharmonic weights p in a neighborhood of the origin, oo) = {0}, 

will be denoted by W, and its subclasses consisting of almost homogeneous and 
almost multicircled weights, in the sense of (|1.12|) and (|1.15| ), will be denoted by 
W h and W m , respectively. 



2 Reduction to indicators 

Proposition 1 Let u G PSH(Q), x G £1, and the functions T mx u be defined by 
Then for each weight p & W there exists the limit 

lim v(T m;X u,p>) = i/(ifr UiX ,ip). 



Proof. As was mentioned in Introduction, T m ^ x u — > ty u>x in L} oc (D) (|14|j, 
Theorem 8). Semicontinuity theorem for generalized Lelong numbers (Proposi- 
tion 3.12 of [|J) then implies 

limswp v(T miX u,<p) < u(^ U)X ,<p). 

rn—i-oc 

On the other hand, the functions T m ^ x u have the same indicator at the origin for 
all m, and it coincides with ^ UtX . By ( |1.9|) , T mjX u < ty u>x + C m near the origin, 
so is(T miX u,ip) > u(^/ ux ,p) Wm, and the proof is complete. 

Now we specify the weight <p to be almost multicircled. For a function / 
defined on a subset of C n , f x (z) will denote f(z — x), x G C n . Then 

(2.1) v{u, <p x ) = v(u- x , <p) = v(u- x , A) 



with multicircled A from (|1.15|) , the second equation being a consequence of 



relation fll.15 ) in view of Theorem A. Actually, a stronger relation takes place. 



Theorem 1 a) If ip G W m , i6fl, then for every function u G PSH*(Q,x) 
(2.2) u(u, ip x ) = u(^ u>x , <p) = v(-$ u , x , %, Q )i 



b) if <p G W then (WJk) holds for every function u G PSH(Q); 



c) there exist a multicircled function u and a weight ip G W m such that 
v(u,p>) > 1/(^0, * V)0 ). 
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Proof. When ip is an indicator (i.e., *&tp,o = <fi), relation ( |2.2| ) follows from 
Proposition |]: 



v(T miX u, ip) = lim / dd c T mjX u A (dd c <p) 
= lim / dd c u_ x A (dd c (p) 

r—y—oo J Rf 



c,.\n-l 



by the homogeneity of indicators (see (|1.7|) ). The right-hand side equals 
v(u~ x ,(p), and the statement follows from (|2.1| ) and Proposition || 

By Theorem A, this implies b). 

To prove a), we need the following 

Lemma 1 Let v G PSH*(D,0) be multicircled in the unit polydisk, then for 
every r G (0, 1) there exists a constant A > such that 

v(z) > A sup log \ zj\ 

j 

for all z, \zk\ < t, 1 < k < n. 

Proof of Lemma [J. Consider the function t>i(C) = t>(C> 0, . . . , 0) — Ci with C\ 
such that sup{t>i(C) : |C| < 1} = 0. Since the ratio ^i(C) / l°g |C| decreases to 
V\ > as |C| \ 0, we have t>i(C) > ^il°g|CI f° r some A\ > and all ( with 
\(\ < r. Therefore, v(z) > vi(zi) > Ai\og\zi\ + G\ > A ^ log | ^i | , \zi\ < r. The 
same arguments for j = 2, . . . , n complete the proof of the lemma. 

Let now ip G W m and u G PSH*(Q,0). By fl2.1|) we may assume ip to be 
multicircled. In this case, v(u,(p x ) = u(\ UtX ,ip) with the function \ UyX defined by 
(|1.16|) . So, it suffices to prove the assertion for nonpositive, multicircled functions 



u G PSH*(D 2r , 0) in a polydisk D 2r = {z : \z k \ < 2r, 1 < k < n}, r G (0, 1/2). 
As was mentioned in Introduction, the functions 

u R (z) = R- 1 u(\z 1 \ R ,...,\z n \ R ) yU{z) 

and 

ip R {z) = RT 1 ip(\z 1 \ R 1 ...,\z n \ R ) /®{z) 

as R — > +oo, with U* = \& Uj o and $* = ^,0- Let A > be chosen as in Propo- 
sition [I] for both u and (p, and L = 2v41ogr. Denote Vr(z) = ma.x{uR(z), L}, 
w R (z) = max{(p R (z), L}, V(z) = max{U(z), L}, W(z) = max{$(z),L}, P(z) = 
maxj^o^), L}, Q(z) = max{^/ ^^(z) , L} . By the choice of L, vr = ur and 
w r — ^Pr near 9D r for all R > 1, as well as P = \I/ Ui o an d Q — there. Then 

(2.3)/ dd c v R A{dd c w R ) n - 1 = I dd c URA(dd c < P R) n - 1 >is(uR^R) = is(u^) 

JD r JD r 
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since 



u(u R , (p R ) = lim / dd c u R A (dd c ip R ) n 1 = lim / dd c u A (dd c ip) n 1 = v(u, <p). 

On the other hand, v R / V, w R / V, V* = P, and W* = Q, so by 
the convergence theorem for increasing sequences of bounded plurisubharmonic 
functions 

lim/ dd c v R A(dd c w R ) n ~ l = [ dd c PA(dd c Q) n - 1 =( dd^f u0 A(dde^f v ) n - x . 

R-^CoJo r j£, r JD r 

Being compared with (|2.3| ) it gives us the relation u(u,cp) < v{^u,x^(p,o)- As 
the opposite inequality is true due to Theorem A, the proof of a) is complete. 

Finally, consider the function Lp(z 1 ,z 2 ) = max{ — | log |zi|| 1,/2 , log |z 2 |}- 
Clearly, = 0. At the same time, for the function u(z) = log|zi|, we have 
u(u,(p) = 1. 

Remark. If u is a semiexhaustive plurisubharmonic function in Q, oo) = 

x, its residual Monge-Ampere measure (dd c u) n ({x}) at x is just its generalized 
Lelong number u(u, </?) with respect to the weight (p — u, while the residual 
measure of its indicator ^ U}X is, by the definition, the Newton number of u at 
T4fl . Theorem p] then implies in particular that for every almost multicircular 



x 



function u G PSH*(Q,x), its residual measure equals its Newton number, the 
result proved earlier in 



3 Approximation theorems 

An important theorem on approximation of plurisubharmonic functions was ob- 
tained by J.-P. Demailly (0, Proposition 3.1). Let fl be a bounded pseudoconvex 
domain, u G PSH(Q), and {cr m i}i be an orthonormal basis of the Hilbert space 

H m := H m , u (Q) = {fE Hol(tt) : / \ f\ 2 e~ 2mu (3 n < oo}. 

Jn 

Consider the functions 

(3.1) u m = ^log]T \a ml \ 2 G PSH(Q). 

Then there are constants C\,Ci > such that for any point z G Q and every 
r < dist (z, dQ), 

u(z) - — < u m {z) < sup w(C) + — log 

m CeBr(«) m r n 
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In particular, u m — > u pointwise and in Lj oc (Q), and 

u(u,x) < v{u m ,x) < v{u,x) Vx G Q. 

m 

Here we will show that actually the singularities of the functions almost 
the same that of u not only in the sense of the standard Lelong numbers but also 
with respect to arbitrary almost homogeneous weights, as well as with almost 
multicircled weights (subject to the same restriction as in Theorem 0). 

We start with the following modification of Demailly's result. 

Theorem 2 Given a bounded pseudoconvex domain Q, there are constants 
Ci?C*2 > such that for any function u G PSH(Q) and every z G £1, the 
functions u m defined by (\3. J\) satisfy the relations 



C\ 1 C2 
(3.2) u(z) < u m (z) < sup «(£) H log' 



m ceD r (z) m r l ...r n 

for all r = (7*1, . . . , r n ) such that D r (z) = {( : \zk — Cfc| < r k, 1 < fc < n} CC H, 
and 

(3.3) v u>x (y) < ®umAy) < - lo § \vi ■ ■ -Vn\ n > v y e D - 



Proof The first inequality in ( |3.2| ) is the same as in Demailly's Approximation 
theorem, and we repeat its proof here for completeness. Let u(z) 7^ —00. By the 
Ohsawa-Takegoshi extension theorem |TJ| applied to the O-dimensional subvariety 
{z} C f2, for any a G C there exists a holomorphic function f on Q such that 
f(z) = a and 

/ \f\ 2 exp{— 2mu] dV < C\a\ 2 exp{— 2mu(z)} 

with a constant C = C(n, diamfi). Choosing a such that the right-hand side 
equals 1 we get / G B m , the unit ball in the space H m . Since 

(3.4) Um (0 = sup log| ^ (c)l vc g n, 

geB m tu 



it gives us 



/ \ ^ log log |a| logC 



m m 2m 

The proof of the second inequality in (|3.2|) is a slight modification of the 
corresponding arguments from ||. For any g G H m , 

l^)| 2 < ^(„«^ 



7r"rf . . . r£ JD r (z) 

CeA-(z) 



< 5 exp{2m sup u(Q} ( \g\ 2 exp{— 2mu] dV, 

-K n r(...ri CeD r (z) JD r (z) 
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and so by ( |3.4j ) 

1 vr n / 2 
u m (z) < sup u(() H log' 



CeD r (z) m r 1 ...r n 

The first inequality in fl3.2|) implies < ^/ Mm)X Vi G H. To get the other 
bound, take any y G D, y\ . . .y n ^ 0, and > 0. Then for r fc = \yk\ R < 
dist (a;, 50), 

111 C 

— sup w m (C) < — sup u m (Q log \y%... y n \ + 

-K D r (x) -K D 2r (x) m ™n 

and the limit transition as R — > oo gives us the desired inequality in view of the 
definition of the indicator (11.81) and (1.21). 



Remark. In terms of the directional Lelong numbers, relations ( |3.3| ) have the 
form 

u(u, x, a) < v(u m , x, a) < v(u, x, a) + m _1 aj Vx GO, Va G R 



so 



(3.5) lim u(u m ,x,a) = u(u,x,a) Va 6 R". 

m— >oo ~ r 

For the indicators, the relation corresponding to ( |3.5| ) is true for all y with 
Hi ■ ■ ■ Vn 0, while when y 1 . . .y n — the regularization is needed: 

^ u ,x{y) = lim 

sup lim ty Um x (y ). 

Theorem 3 In the conditions of Theorem 

v{u m , (fx) < v{u, (p x ) < v{u m , (fx) + m" 1 T k(v) ViGfi 

l<k<n 

for any almost homogeneous weight <p and Tk(<p) = v(\og \zf.\,(p). 

The same is true for every weight (p G W m provided u G PSH*(Q,x). 

Proof. Let ip G W h . Denote $ = v^q. By Theorems [I] and [|, 
Similarly, 

l<fc<n 

= z/(w m , y^) + m _1 ^ r fc (</?). 

l<fc<n 

If m G PSH*(Q, x), then ( |3.3| ) implies w m G PSH*(Q, x) for each m, so all the 
above arguments work with arbitrary weights ip G W m , too. The only exception 
is the relation u(\og \yk\, $) = ^(v 9 ) which is to be replaced with the inequality 
i/(log|y fc |,$) < r fc (<p)- 
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4 Swept out Monge- Ampere measures 



The role of the swept out Monge- Ampere measures fxf Q1.4Q is demonstrated by 
the Lelong-Jensen-Demailly formula @]: if u is a plurisubharmonic function in 
the pseudoball B^, then for any r < R, 



u(dd c ip) n 



Br 



dd c u A (dd c ip) 



n-l 



dt. 



When (dd c p) n = t5 x , 5 x being the Dirac 5-function at x, the Lelong-Jensen- 
Demailly formula leads to the representation formula for plurisubharmonic func- 



tions: 



u (X) 



dd c u A (dd c (p) 



n-l 



dt. 



-oo r~V(«) 



and v(u, (p) = lim r 

In the case of p = ip ajX given by ( |1.6| ), pf = (ai . . . a n ) _1 m m with m ra the 
normalized Lebesgue measure on {\zk\ = expjrafc}, 1 < k < n}. No explicit 
formulas are available in the general situation. However when studying singu- 
larities, one interests mainly in asymptotic behavior of pf as r — > — oo. For 
regular weights ip it means that we may restrict ourselves to study of the swept 
out measures for their indicators $ = ^ VjX . 

Since (dd c $) n = on D \ {0}, pf = \dd c § r ) n for each r < 0. The function 
$ r is invariant under the rotations 



(z h . ..,z n ) h-> Oie J 
and so is pf. Therefore we can write 



z n e luJn ), 



(2n)- n d9 ® dpf 



with some measure pf defined on the set {a £ R™ : $(a) = r}. Moreover, since 
/x* has no masses on the pluripolar set Sf fl {z : z x . . . z n = 0}, we can pass to 
the coordinates Z\~ = expj^ + i9k}, 1 < k < n. The functions 



f(t) = S(e* 



and 



/r(*) = $r(e* 



max{/(t),r} 



are convex in R™ = — R™ and increasing in each tk- Simple calculations show 
that in these coordinates pf transforms to 



7r 



n\ MA[f r 
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where M.A is the real Monge- Ampere operator, see the details in |14|]. We recall 
that for smooth functions v, 

and it can be extended as a positive measure to any convex function (see fL6|). 
So, 

tf(u) = I (2n)- n [ u{z 1 e i0 \...,z n e i0 ")d6dp?{\z 1 \,...,\z n \) 

J[0,l] n J[0,2tt]" 



= n\ / X(u, 0, t) dr£(t) 
jr.™ 

(X(u, 0,t) is the mean value of u over {\zk\ = e tk , 1 < k < n}). 
Since f r (t) = |r-|/_i(t/|7-I), 

fj,f(u) = n\ f \(u,0,\r\t)d'y* 1 {t). 

So, we only have to find an explicit expression for the measure 7* x . 
First of all, supp7* x C L* with 

(4.1) L* = {t G K n _ : f(t) = -1}. 

If $ = V u , x , then L* = -{b G R" : u{u, x, b) = 1}. 

As was shown in fl6|, for any convex function v in a domain G C R r ' 



(4.2) / MA[v] = Voluj(F : v) VF c G, 

JF 

where 

co(F, v)= (J {a G R n : u(t) > + (a, t - t°) Vt G G} 

t°GF 

is the gradient image of the set F for the surface {y = v(x), x G G}. 
Given a subset F of L*, we put 

(4.3) r| = {a G R+ : sup(a,t) = sup(a,t) = -1} 

teF iGL* 

and 

(4.4) 6| = {Aa : < A < 1, a G T*}. 
If $ = * UiX , then 

0* e = {a G R+ : sup[z/(w, x, 6) - (a, 6)] > 0}. 
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Note that is an unbounded convex subset of R" and / is the restriction of 
its supporting function to R™ . When $ is the indicator of log \g\ for a holomorphic 
mapping g = (g 1 , . . . , g n ), g(Q) = 0, the set is the Newton diagram for g and 
R+ \ 0f* is the Newton polyhedron for g at as defined in ||. In this case, 

is the union of bounded faces of the polyhedron corresponding to F. 

Proposition 2 For any compact subset F of , Of. = &(F, f-i). 
Proof. If a G U)(F, then for some t° G F, 

(4.5) (a,£°) > (a,t) - /_ x (t) - 1 V£ G R™. 
In particular, 

(4.6) (a,t°)>(a,t) \/t G L*. 

When £ — > 0, ( |4.5|) implies (a,t°) > — 1. In view of ( |4.6D it means that a G 0*. 

Let now a = Aa°, a G T*, < A < 1. Then there is a point £° G F such 
that 

(a, £ ) = sup(a, £) = sup (a, £) = —A. 
teF tei* 

For any £ G R™, £/|/(£)| G L*. If fit) < -1, then 

(a,t°) > (a,£/|/(£)|) > (a,£°) = (a,£) - /_x(£) - 1. 
If /(£) = -5> -1, then £/5 G and 

(a,t) - /-i(£) - 1 = 5(a,t/5) - 1 + 5 < 5 sup (a, s) - 1 + 5 

= 5(a,t°)-l + 5 = -5A-l + 5< A = (a,£°). 

The proposition is proved. 

Proposition 3 The measure 7_ 1 zs supported by E , the set of extreme points 
of the convex set {£ : fit) < —1}. 

Proof. As 

sup (a, £) = sup (a, £) Va G R™, 
teL* tee* 

0f 4> = e|». Hence 7^(2:*) = 7^(£ ) and thus 7 ^(F) = for every F CC 
We have thus obtained the following 
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Theorem 4 For any plurisubharmonic function u in a neighborhood of the origin 
and for any indicator weight the swept out Monge-Ampere measure fif(u) on 
the set {&(z) = r}, r < 0, is determined by the formula 



where A(w, 0, \r\t) is the mean value of u over the distinguished boundary of the 
polydisk {\zk\ < exp{|r|tfc}, 1 < k < n} and the measure 7* x on the set E® 
of extreme points of the convex set {t G R™ : ^(e* 1 , . . . , e tn ) < — 1} is given by 
the relation 7* 1 (-F) = Vol0* for compact subsets F of E® , 0* being defined by 



Corollary 1 If ip is an almost homogeneous weight, p 1 (— oo) = {x}, then for 
any plurisubharmonic function u near x, 



with $ = ^tp, x °> n d the measure 7_ x the same as in Theorem [|. Ifu G PSH*(Q, x) 
then the formula takes place with arbitrary almost multicircled weight p. 

So, Corollary [l] gives a qualitative expression for the fact that the generalized 
Lelong number of a plurisubharmonic function u with respect to a regular weight 
p is completely determined by the directional Lelong numbers of u and (p. 

Note that, under no regularity condition on a weight p, we have always the 
inequality 



Of course, when ip = log \g\ with g a holomorphic mapping, g(0) = 0, the set 
E is finite and the measure 7?j charges it with the volumes of the cones gener- 
ated by the corresponding (n — l)-dimensional faces of the Newton polyhedron 
of g. 
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